Introduction
Optoelectronic sensors can be used to measure a physical quantity such as strain, stress or elongation at many loca− tions distributed along the measurement path. These sensors are usually based on temperature−dependent Fresnel reflec− tion [1] and utilize fibre Bragg gratings (FBGs) [2, 3] . Many studies have been published demonstrating the promising properties of periodic structures [4] . Various methods of constructing these periodic structures have been studied, including the use of grating couplers on planar waveguides [5, 6] and the sol−gel method [7] . A diffusion model was also considered for recording diffraction gratings in polymer dis− persed liquid crystal media [8] . The spectral characteristics of the distributed Bragg reflector have also been modelled [9, 10] . Systems enabling the multi−point measurement of physical quantities such as pressure [11] with simultaneous temperature measurements are currently being developed [12] . Recently, FBG hybrid sensing systems and polarimet− ric fibres [13] , as well as FBG and photonic crystal fibre sensors [14] , have been developed for structural monitoring in composite materials.
To achieve temperature−insensitive multipoint measure− ments of the strain, a sensor head consisting of several fibre Bragg gratings whose spectra partially overlap has been employed. Using an appropriate grating fixing, two gratings with the same temperature sensitivity coefficients but differ− ent stress sensitivity coefficients are placed in a single sen− sor head. These solutions apply to multi−point sensors, where the number of fibre Bragg gratings used is equal to the number of measurement points. To reduce the disturbing effect of temperature, a compensation scheme is proposed in which two pieces of the same fibre with identical lengths are spliced with rotated birefringence axes [15] . There are also known methods of determining the strain distribution and deformation at variable temperature [16] . However, determining the distribution of a physical quantity at vari− able temperature is a computationally complex task, yiel− ding results with large errors of the order of 5-7% [17] .
In this paper, a method of measuring non−uniform strain along the length of the sensor head without cross−sensitivity to temperature is described, whereby only the maximum value of the strain is determined. The method uses periodic structures in the form of two fibre Bragg gratings. The results of laboratory tests confirm that it is possible to deter− mine the maximum value of the non−uniform strain along the sensor gauge length using an appropriate design of the fibre optic sensor with two FBGs.
Maximum strain and ambient temperature measurement principle
Practically speaking, the results of tests and measurements are usually important because they are performed for a spe− cific purpose. There are various methods for performing the measurements, which also generate costs. In some situa− tions, the measurements must be performed periodically (because they are obligatory, e.g., required by law or the accepted norm). The desired attributes of the measurement method are precision, reliability, ease of repetition and spe− ed in producing a diagnosis or a result. Figure 1 shows an example of a possible measurement system used for diag− nosing installations with respect to environmental safety (e.g., risk of a major accident). The proposed method for measuring the maximum strain and temperature is based on the use of two fibre Bragg gratings. One grating is subjected to a non−uniform strain and a variable temperature, and the other is subjected only to temperature changes. A diagram of the proposed sensor system for the temperature−insensitive strain distribution measurement is shown in Fig. 2 . Figure 2 shows the system working in a transmission mode. Using a fibre optic coupler, it is also possible to work in a reflectance mode. One grating of the sensor (FBG1) experiences a non−uniform strain induced by its non−uni− form stretching. The elongation of this grating is also non−uniform, and only the strain amplitude varies, as shown in Fig. 3 .
If the shape of the strain curve is known a priori, then we can only determine its maximum value, denoted by e max in Fig. 3 . In addition, the two gratings are subjected to various temperature spikes in the thermal chamber. FBG1 is exposed to the stress spike but FBG2 is not. The optical spectrum analyzer (OSA) records the spectrum signal from the broadband light source (BBS) after it has passed through a system of two gratings: FBG1 and FBG2. The spectral data from the OSA were subjected to a wavelet transform to eliminate the high frequency components. This procedure is important for an accurate estimation of the parameters of all of the harmonics [18] , for example, in power waveforms [19] . The summary spectrum of the two gratings provides information that is used to determine the maximum strain along FBG1 and also provides information about the measurement temperature.
Measurement method and optimization algorithm
In the case of a non−uniform strain and temperature, the in− verse problem of reconstructing the measured value has been formulated and solved [20, 21] . Inverse analysis has been used to estimate the model parameters using a mathe− matical model of the maximum value of the strain and ambi− ent temperature. The task consists of determining the maxi− mum strain value e max (z) along the grating axis (z−axis) and ambient temperature T on the basis of the measured spec− trum. To solve this problem, a model of the sensor with two fibre Bragg gratings was constructed, including mathemati− cal relationships connecting the measured transmission spectra with e max (z) and T. The mathematical model of the transmission spectrum measurement was formulated as a Fredholm integral equation of the first type [22] . The in− verse problem of an indirect measurement of the tempera− ture and strain distribution of the fibre Bragg gratings sen− sor, defined as the solution of the Fredholm equation, is therefore based on the determination of the grating parame− ters in a form of the maximum strain and temperature. A so− lution is possible based on the measured characteristics of the spectrum transmitted by the sensor. To solve this prob− lem, it is necessary to use iterative methods and inverse problem discretization. Note that the simultaneous determi− nation of the maximum value of the non−uniform strain dis− tribution and temperature using fibre optic sensors with fi− bre Bragg gratings is an indirect measurement. The maxi− mum strain and ambient temperature will be calculated from the spectra of two grating sensors. The determination of the maximum non−uniform strain and temperature is, therefore, an example of cause determination based on the effects. The cause of spectral changes in the proposed sensor is the induced strain distribution in agrating and temperature change. The deformation of the spectrum is the result of strain and temperature changes in the fibre Bragg gratings (FBG1 and FBG2). For the maximum strain and temperature sensor under consideration, the processing matrix equation can be written as
where the coefficients K denote the sensitivity of parameters P to the temperature T, and the maximum value of the non−heterogeneous strain distribution, e max . The coefficient matrix, K, is denoted as follows
We assume that the parameter P 1 is the "total band− width" (TB, see Fig. 10 ) of the sensor spectrum (FBG1 + FBG2), while P 2 denotes the shift in the fibre Bragg wave− length of FBG2. We also assume that both parameters de− pend on the maximum value of the non−uniform strain and sensor temperature:
In this case, the values of the temperature and the maxi− mum strain must be determined without knowledge of the matrix A. Let x be the vector of desired values, consisting of the strain and temperature:
We denote the vector of measured quantities by b P P TB
Dl , where
is the total bandwidth parameter (TB) of the compound FBG1 + FBG2 spectrum and Dl B2 is the res− onance wavelength shift of the FBG2.
Equation (1) can be written in matrix form as follows
where A is symmetric. For all vectors x Î R 2 , A is a real 2 2 matrix. Following the conjugate gradient method, we assume the existence of a set { } p k of mutually conjugate di− rections. Then, p k forms a basis of R 2 . Denoting the solu− tion of system (5) by x determ , we can expand the solution in the following series [23] 
where each coefficient can be expressed in terms of the fol− lowing relations:
In the conjugate gradient method, it is possible to deter− mine the coefficients a k after calculating the n coupled directions, which in turn enables the solution of Eq. (5). Suppose that the solution vector has an initial value of x 0 . The objective function can be written in the following form
The minimum occurs when the gradient of the function is zero
In equation (9), f is a function of the maximum strain and temperature, and the gradient Ñ x f denotes the direction of maximum increase. The greatest decrease in f is denoted by:
Dx f x
The algorithm used to search for the minimum of f allows for an adjustable step length, denoted by a [24] . For a given direction vector Dx, one way to choose the parame− ter a is to minimize the function f along x n -a n Dx a a a a 0
The solution vector in the first iteration, therefore, de− pends on the solution vector in the zero−th iteration. After the first iteration, subsequent iterations are performed based on the next coupled conjugate direction Lx n , where Lx 0 = Dx 0 . The n−th direction is calculated using the relation Dx n = -Ñ x f (x n ). The approximation parameter bn was calculated at each step using the Polak−RibiÀre method [25] 
The conjugate direction is then updated as follows
A line search method [26] is then used to optimize f with respect to a n , min ( ) a a n f x x n n n + L , and the maximum strain and temperature vector is updated or finally determined by solving the equation
To determine the values of the matrix A, a sensor model with fibre Bragg gratings was constructed. This model allows for transmission spectrum to be determined based on the maximum strain and temperature according to the proce− dure outlined in Fig. 4. 
Maximum strain and ambient temperature sensor model
The sensor model (Fig. 4) was initially tested by comparing the sensor transmission spectrum obtained from the model (simulated data) with the measured transmission spectrum. Initial values (x 0 ) were assumed for the maximum strain and temperature, and the model was used to generate the spectrum; the model spectrum was then compared with the measured one (Fig. 4) . Following the conjugate gradient algorithm, new values of the model parameters were then selected to reduce the objective function [Eq. (8)]. We had a priori knowledge of the distribution of the measured strain. Only two quantities were determined using the con− jugate gradient algorithm. These were the temperature and the maximum value of the strain. The described method allows for the determination of these values by iteratively comparing the measured and modelled fibre Bragg gratings spectra, which occurs in the so−called short (time) loop of the algorithm depicted in Fig. 4 . Only two parameters of the sensor system (FBG2 and FBG1) are compared and recov− ered. These parameters are the total bandwidth (TB) and the Bragg wavelength shift in FBG2 (Dl B2 ). However, if the differences between values of TB and Dl B2 are minimized in the subsequent iteration step but the error value does not reach a value less than the established error threshold (5%), then the strain profile is corrected (long algorithm looptime−consuming loop), as shown in Fig. 4 . This correction is performed by selecting new values of strain in each of the 5 grating sections (s1, s2, …, s5) and the temperature T. The incompatibility between the actual and assumed strain pro− files may appear as a result of imprecision in the grating mounting process, where greater grating mounting impreci− sion leads to a greater number of iteration steps in a long loop. The incompatibility affects the execution time of the entire recovery procedure. It is important that by dividing the grating into 5 sections and applying the approach shown in Fig. 4 , we can correct the strain profile, which is not possible using other methods, for example, using a simple resistance strain gauge.
A block diagram of the sensor model is shown in Fig. 5 , with the measured quantities indicated. The main a priori model parameters are the grating chirp, apodization profile, total bandwidth of the transmission characteristics of the sensor at room temperature in the absence of strain, length of the sensor gratings, modulation amplitude of the grating refractive index and effective refractive index. The fixed values were the maximum strain and temperature. The tran− smission spectrum of the sensor was calculated for a dis− crete set of wavelengths, P (l 1 ,l 2 ,…,l N ), where N = 500.
The transfer matrix method is used to construct the sen− sor model. The construction of the matrix and boundary conditions for the method are illustrated in Fig. 6 .
The parameters A in,out and B in,out in Fig. 6 are assumed to be mode amplitudes propagating in the positive (from input to output) and negative (from output to input) directions, respectively. The distance between FBG1 and FBG2 was L f = 3 m. Due to interference between the grating signal and the possibility of a Fabry−Perot cavity forming [27] at shor− ter distances [28] , the fibre with the two gratings with a 3−m distance from each other was used. In the case of a single uniform grating, the sensor transfer matrix can be obtained from the coupled mode equations [29, 30] 
where r = |r| exp(if r ) and t = |t| exp(if t ) are the reflection and transmission coefficients of the FBG and f r and f t are their phases. Some simplifying assumptions were made to deter− mine the transmission and reflection spectra of the gratings using the transfer matrix method. In Fig. 6(b) , the transmis− sion mode amplitude of the sensor is labelled A out2 , and the reflection mode amplitude is labelled B out1 . It was assumed that optical power is delivered to the grating from one end in the positive direction (A in1 in Fig. 6 ); therefore B in2 = 0. It was also assumed that the total output from FBG1 is equal to the input to FBG2, and, therefore, A out1 = A in2 . Moreover, we assumed no loss of optical signal reflected between FBG2 and FBG1 (B out2 = B in1 ). The entire optical system from the first to the second FBG shown in [ ] Table 1 .
Note that the value of N in Eq. (17) is 5. The coupling coefficient s in Eq. (18) is also a function of position along the axis of the grating and can be expressed as
where d is the detuning parameter, which depends on the wavelength, l, as follows
Here the Bragg wavelength, l B , satisfies Bragg's law: l B = 2n eff L. The quantity also depends on the wavelength and variation in the amplitude of the effective refractive index of the grating
The quantity k ac in Eq. (18) represents the ac coupling constant, which depends on the position along the z−axis as follows
where g(z) is a function describing the apodization profile. For the grating apodization used in our experiments
where the width of the Gaussian is a = 65. The parameter g depends on the relation between k ac and s as follows
The grating FBG2 can be represented by a single trans− fer matrix describing its entire length because we assume a uniform temperature along the entire grating. There is, therefore, no need for the transfer function of light passing through FBG2 to depend on the position along the z−axis. (26) Under the assumptions for the transfer matrix method outlined above, the entire sensor can be described by the fol− lowing equation
The signal B out1 reflected from the sensor (the reflection spec− trum) and the signal A out2 transmitted by the sensor (transmis− sion spectrum) can be determined by using Eq. (27).
Experiments and method verification
Simultaneous measurement of the maximum value of the non−uniform strain and ambient temperature was carried out on the test bench, as shown in Fig. 7 . Fig. 7 . Laboratory setup for the measurement of the maximum val− ues of the non−uniform strain and temperature. Labels: 1 -optical spectrum analyzer, 2 -white light source, 3 -thermal chamber, 4 -reading temperature point inside the chamber, 5 -thermal chamber output containing the fibre with fibre Bragg gratings, 6 -weight causing sensor elongation.
Measurement of the maximum value of non−uniform strain using a temperature−insensitive fibre Bragg grating method
Two fibre Bragg gratings with Bragg wavelengths of 1554.27 nm and 1554.72 nm were used in our experimental studies. The gratings were apodized with a Gaussian profile and inscribed on a hydrogenated single−mode fibre by using the phase mask method. Both gratings have lengths of L = 15 mm, but only one of the gratings (FBG1) was attached to the metal sample, allowing for a non−uniform strain along its length. The second grating (FBG2) was unbound (not glued). Both gratings were connected in series and placed in a thermal chamber, with air at a controlled temperature flowing through the sensor. The shape of the chamber ensured that the flow of air was close to the laminar flow. The thermal chamber is depicted in Fig. 8 .
The part of the sensor that reacts to non−uniform strain is shown in Fig. 9 .
The measurement method, laboratory system, specially designed and prepared sample and measurement sequence were organized in such a way that it was possible to check the non−uniform quantity. For this purpose, FBG1 was glued (sikadur−30) to a specially shaped sample with a spe− cific form of variation in cross−section along the z−axis. The influence of the adhesive was calculated using the finite ele− ment method for temperatures ranging from 20°C to 90°C. Changing the temperature within this range results in a known change in the Young's modulus of the adhesive, which can be included in the numerical analysis. In the calculations, Ref. 31 was considered.
The spectrum of the first grating (FBG1 -subjected to both temperature changes and variable load) in the absence of changes in temperature and applied force is presented in Fig. 10(a) .
In Fig. 10(b) , the measured FBG1 spectrum has been presented in the case of a sensor head loading force F = 15 N. Thank you for your attention regarding how to determine the spectra half−width. Due to the absence of adequate infor− mation or drawings, the doubts are understandable. This problem is particularly evident when trying to determine the width of the spectrum of the two gratings. Nonetheless, Figure10(b) shows that it is difficult to determine the full width at half−maximum for the spectral characteristics of the FBG1 filter in a situation in which non−homogeneous stress occurs. The figure indicates the correct way of calculating the FWHM value together with the value that was actually defined -denoted "total bandwidth (TB)" in Fig. 10 noise. In Fig. 10(b) , we can see the situation after noise reduction (1,000−time integration by OSA). In addition, the transmission spectrum after the removal of high−frequency components represented the data that was introduced in the form of a vector into the conjugate gradient algorithm. This process of removing high−frequency components from the fibre Bragg gratings signal is a separate issue. On the one hand, we want to remove the noise from the spectral charac− teristics of gratings; on the other hand, using an inadequate low−pass filter will prevent us from measuring important information about the measurand distributed along the grat− ing. For the purposes of this paper, the Daubechies wavelet was used. Due to the absence of an explicit effect of the wavelet on the filter properties, only the wavelet tap and the level of wavelet decomposition were optimized. The FBG1 spectral characteristics after applying a low−pass filter are shown in Fig. 11 . The figure also shows how to determine the total bandwidth (TB) of FBG transmission. The wavelengths at which the grating transmission power is equal to half of the minimum transmitivity for the whole spectrum are presented in Fig. 11 . The method for calculating TB is presented below. The total bandwidth (TB) of the grating was understood as the difference between the maximum wavelength of the spectrum (as shown in Fig. 11 : l max = l 8 ) and the minimum wavelength of the spectrum (as shown in Fig. 11 : l min = l 1 ); therefore, TB = l max -l min . Using this notation, these wavelength values correspond to half of the minimum transmission power in the current spec− tra. As observed for the sample spectrum depicted in Fig.  11 , the transmission achieves half of its maximum value for the eight wavelengths. However, only the minimum and maximum wavelengths determine the value of TB. When the force is applied to the sensor beam, the displacement and deformation of the FBG1 spectrum cause a decrease in the TB or even spectra overlapping, as shown in Fig. 12(a) . The FBG1 and FBG2 spectra in the case of the applied force F=15 N are presented in Fig. 12(a) . Figure 12(b) shows the spectrum measured in the case of a load of F = 15 N at a temperature of T = 70°C. The TB parameter does not change because of the simultaneous move and the same shift in both grating spectra. The values of the shift in the two spectra are the same because the grat− ings were written on the same fibre.
For the dual Bragg grating system, we cannot discuss the Bragg wavelength. In fact, the input to the conjugate gradi− ent algorithm was the maximum wavelength for which the minimum value of the transmission coefficient occurs. The spectrum measurements (obtained by using an optical spec− trum analyzer) provide discrete values of the transmission power, and there was a situation in which a few wavelengths (around the Bragg wavelength) corresponded to the same power level. At the same time, the maximum range of the measured strain was determined using the Bragg wavelen− gth coverage of both gratings.
The experiment can provide the necessary information to determine the maximum value of the strain. The values of the non−uniform strain and temperature are presented in Fig. 13 . These values were determined using the finite element method and the algorithm shown in Fig. 4 . Both the calculations obtained by using the finite ele− ment method and those obtained by using the conjugate gra− dient method clearly show that the maximum strain occurs in the second section of the grating (k = 2). The measure− ments and calculations were performed for two sensor ten− sile forces, each producing a different strain in the grating. Strain 1 corresponds to an applied force of 15 N, and strain 2 corresponds to a force of 9 N. The force change does not change the section where the maximum strain occurs. The proposed sensor system makes it possible to determine the maximum strain with a linear resolution of 0.003 m. The method of identifying the axis along which the FBG1 grating is fixed and shown in Fig. 14 .
Observe that the maximum value of the non−uniform strain determined by using the finite element method ap− pears at the positions along the z−axis highlighted in Fig. 9 . The maximum value of the absolute error of the maximum non−heterogeneous strain determination was RMSD = 0.351%. This error was determined as the root square error and defines the difference between the theoretical values of the strain s t and the values obtained by using the conjugate gradient algorithm s CG . It was calculated by accounting for the division of the grating into 5 sections using the follo− wing equation 
The temperatures measured during the experimental tests (points) and determined by using the proposed method (lines) are depicted in Fig. 15 .
Application of the procedure shown in Fig. 4 using the conjugate gradient method and sensor model allows us to determine the maximum value of the non−uniform strain (Fig. 13) and the temperature at which the measurement is performed (Fig. 15 ).
Conclusions
An optoelectronic method was presented to measure the maximum strain value and ambient temperature of a me− dium. The method utilizes two Bragg gratings, where one of the gratings is glued to the metal sample to produce a non− −uniform strain along its length. The other grating was unbound (not glued). Both gratings were connected in series and placed in a thermal chamber, with air at a controlled temperature flowing through the sensor.
The measurements have been organized in such a way that it was possible to determine the non−uniform quantity. For this purpose, FBG1 was glued to a sample with a special shape to yield a pre−defined cross−sectional variation. The results of our laboratory tests confirm that by using an appropriately designed fibre optic sensor with two FBGs, it is possible to determine the maximum value of the non−uni− form strain along the gauge length. However, it is necessary to adopt some simplifying assumptions. The strain distribu− tion was specified and only its amplitude was allowed to vary. It was also assumed that no loss occurred between the sensor gratings. Our model determines that the sensor con− tains two fibre Bragg gratings stored on the same fibre. In reality, any type of connection between the gratings genera− tes losses of light.
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